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Abstract. Starting from bosonization, we study the operator 
that commute or commute up-to a total difference with of any 
quantized screen operator of a free field. We show that if there ex- 
ists a operator in the form of a sum of two vertex operators which 
has the simplest correlation functions with the quantized screen 
operator, namely a function with one pole and one zero, then, the 
screen operator and this operator are uniquely determined, and 
this operator is the quantized virasoro algebra. For the case when 
the screen is a fermion, there are a family of this kind of opera- 
tor, which give new algebraic structures. Similarly we study the 
case of two quantized screen operator, which uniquely gives us the 
quantized W-algebra corresponding to sZ(3) for the generic case, 
and a new algebra, which is a quantized W-algebra corresponding 
to s[(2, 1), for the case that one of the two screening operators is 
or both are fermions. 



1. Introduction. 

In || N. Reshetikhin and E. Frenkel introduced new Poisson alge- 
bras W q (o), which are g-defor mat ions of the classical W-algebras. In 
H J. Shiraishi, H.Kubo, H.Awata, and S. Odake quantized the formu- 
lation in ||. They constructed a non-commutative algebra depending 
on two parameters q and p, such that when q — pit becomes commuta- 
tive, and is isomorphic to the Poisson algebra W q (sl(2)), which denote 
by Wq jP (sl(2)). Shiraishi, e.a., constructed a free field realization of , 
W q (sl(2)) i.e. a homomorphism into a Heisenberg algebra. They also 
constructed the screening currents, i.e. operators acting on the Fock 
representations of the Heisenberg algebra, which commute with the 
action of W q ($l(2)) up to a total difference. In 0, the results of Shi- 
raishi, e.a., were further generalized to to the case of the g-deformed 
VT-algebras. They constructed an algebra Wq )P (sl(N)) depending on q 
and p, such that when q = p it becomes isomorphic to the g-deformed 
classical VT-algebra W q (sl(N)) from ||. They also construct a free field 
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realization of W q>p (sl(N)), which is a deformation of the free field re- 
alization from ||, and the screening currents. They also construct the 
screening currents Sf(z) satisfying certain difference equations related 
to the basic generator of W qtP (sl(N)). 

In all the works above, the screening operators, which are quanti- 
zation of the classical screening operators, appear as a by-product of 
the quantization of W-algebras. These screening operators are defined 
as operators who either commute with the quantized W-algebras or 
commute up-to a total difference. 

In this paper, we will start from the opposite direction of such an 
approach. Namely, we will start from the quantization of screening 
operators. This approach is based on the idea of bosonization, namely 
we start everything from the Heisenberg algebras. 

First we consider the case of one generic screen operator (not a 
fermion) S^~(z), which is given as any kind of quantization of the clas- 
sical screen operator S(z). Here both operator are bosonized, namely 
expressed by generator of a Heisenberg algebra. Surely the screening 
operator S(z) satisfies: 

S(z)S(w) = {z- w) w : S{z)S{w) :, 

and 

S+(z)S+(w) = (zfPf(z,w) : S+(z)Sf(w), 

where (3 £ C. By quantization, we mean that the operator Si(z) 
depends on a parameter q and it degenerates into the classical screening 
operator when q goes to 1 or 

lim z 2p f(z,w) = (z-wf 3 . 

Then we try to construct an operator l(z) = Ai (z) + A 2 (z), a sum of 
two vertex operators, that will commute with the action of the screen 
operator up-to a total difference. It turns out that this uniquely deter- 
mines the quantization and enable us to recover the quantized virasoro 
algebra mentioned above in an unique way, if we assume that the cor- 
relation functions between Sf(z) and Aj(u>) has one pole and one zero 
and the ration of the two pole is our quantization parameter q . How- 
ever, when the screen operator is a fermion, the situation becomes 
very different. For this case, we will obtain a family of operators that 
commute with the screening operator up-to a total difference, which 
give completely new algebraic structures. Similarly, we consider the 
case of two generic screen operators (neither of them a fermion), which 
are given as any kind of q-deformation of the classical screen opera- 
tors. Then we try to construct an operator in the form of the sum of 
three vertex operator, such that this operator commutes with the two 
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screening operators. This enable us to uniquely derive the quantized 
W-algebra for sl(3) given by Feigin and Frenkel ||. 

Then we apply the same method to the case of two screening op- 
erators such that one of the screening operators is a fermion. In this 
case, this leads us to derive an unique operator such that it commutes 
with the two screening operator up-to a total difference. We will call 
the algebraic structure generated by this operator the quantized W- 
algebra of sl(2, 1). Finally we apply this method to the case that two 
screening operators are both fermions. This also leads us to derive an 
unique operator that generates the same algebraic structure, namely 
the quantized W-algebra of sl(2, 1). 

This paper is organized in the way that each section is devoted to 
study a case mention above and in the same order. The last sections 
is devoted to discussions. 

2. The commutant of a screen operator and the 
q-deformed virasoro algebra 

In this section, we will start from one quantized screen operator. 
From the point view of quantization, this screen operator should de- 
generate into the classical screen operator, when the deformation pa- 
rameter q goes to 1. With such a screen operator, we will try to find 
current operators, which commute with the integral of this screen op- 
erator. Analog to the idea that differential operators in general are 
deformed into difference operators, we expect that a desired operator, 
which should be a kind of q-deformed virasoro algebra, is in the form 
of a kind of difference. 

Let us first introduce the Heisenberg algebra H qtP (l) be the Heisen- 
berg algebra with generators a\ [n],n e Z, and relations 



which is defined on the filed of the rational functions of p = q x and q. 
Here x and p are two generic parameters and \q\ < 1 

For each weight fi of the Cartan subalgebra of sl(2), let 7r M be the Fock 
representation of H gtP (l) generated by a vector t> M , such that ai[n]t> M = 
0, n > 0, and ctifO]^ = ^a^v^, where a\ is the zth coroot of st(2). 

Introduce operators Qi, which satisfy commutation relations [ai[ri], Qi] = 
2f35 n fl. The operators e Ql act from ir^ to 71"^+ p ai . 

A classical screening operator S(z) is defined as 



[ai[n],ai[m]] 




(1) 



S(z) = e Ql z< 



[o] 



: exp ^2 s(m)ai[m\z 



— m 



) 



(2) 
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where m^O and 

S(z)S(w) = (z- w) 2 ? : S(z)S(w) : . (3) 

Now we can define a quantized screening currents as the generating 
function 

S+(z) = e Ql z s l [0] : exp ( ]T sf(m) ai [m]z- m ) :, (4) 

where sf[m] are in C[i, n] for m ^ and sf[0] = ai[0]. For this screen 
operator we would impose the following condition that the limit of 
this operator when q goes to one degenerate into the classical screen 
operators. 

For the undeformed case, the virasoro algebra defined on the Fock 
space give us the operators that commute with the action of the op- 
erator / Si(z)dz/z. Here we will impose the assumption that once 
we consider such an integration, the integration contour is around the 
point and the screening operator Si(z) acts on the space 7r M such 
that this integration is single- valued. 

We, then, would try to find a construction that gives us the operators 
that will commute with the action of this quantized screen operator 
/ Si(z)dz/z. The simplest try would be that case that they should be 
a sum of vertex operators. 

For the simplest case, we assume that it is sum of two vertex opera- 
tors. Let us define the operator as 

h(z) = A 1 (z)+A 2 (z), 

where Aj(z) as the generating function: 

K(z) = g'- 1 : exp {^X^a^z^ : . (5) 

Here A* [to] are in C[i, n] for % — 1, 2. 

The commutation relations between S + (z) and Aj(iu) are basically 
decided by the correlation functions of the product of this two opera- 
tors. The simplest case is that the correlation function of the operators 
has only one pole. Similarly, we assume that it has at most one zero. 
Clearly, it naturally leads to that we must have the condition that the 
two products A 1 (z)Si(w) and Si(w)Ai(z) have the same correlation 
functions. Then we have 

A 1 (z)Sf(w) = A {Z ~ WP1 \ : A 1 (z)St(w) :, \z\ » \w\, 
(z - wp 2 ) 

Sf(w)A 1 (z) = A \ Z ~ PlW \ : A 1 (z)Sf(w) :, \w\ > \z\. 
(z - p 2 w) 
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This implies: 
Lemma 2.1. 

Api/pi = 1. 

Therefore p± can not be 0. 

The correlation functions also give us 



Ai(z)S+(w) = Aexp (S n >oAi(n)s+ (-n)(w/z) n ) : A^S+H : 

= Aexp(E n> o(«;A) n (-Pi +P2)) : A^S+H : • 
Thus we have 

\ 1 (n)st(-n) = (-p n 1 +p n 2 ). 

Similarly we have 

Ai(-n) a J-(n) = (-pr+ft B ). 

Lemma 2.2. operator I \{z) commute with the the operator J {z)dz / z , 

then h(z) commute with S^w) up-to a total difference, the correlation 
functions of the products A 1 (z)Sf(w) and S^(w)A 1 (z) must be equal 
and the correlation functions must have only one pole and one zero. 

Proof From the correlation function, we know that 

[Ai(z),J Sf(w)dw/w] = A(l-p 1 /p 2 )p 2 A 1 (z)S+(zp 2 1 ) : . 

Thus 

[A 2 H, / S+(z)dz/z] = -A(l- Pl /p 2 )p 2 : A 1 (w)S+(wp 2 1 ) : . 



Because of the assumption on the formulas for A2(w) and Sf(z), it 
requires that the the correlation functions of the products Ai(z)Si(w) 
and Si(w)Ai(z) must be equal and the correlation functions must have 
only one pole and one zero. 

Therefore h(z) commute with STw) up-to a total difference. 

From now on, we assume that h(z) commute with / Si(z)dz/z. So 
from the lemma we have: 

A 2 (z)St(w) = A Z ~ WP ]\ : A 2 (z)St(w) :, \z\ » \w\, 
{z - wp 2 ) 

St(w)A 2 (z) = A , ( f~ WP ]\ : A 2 (z)Sf(w) :, \w\ » \z\, 
[z - wp 2 ) 

A'p'M = 1. 

Similarly we have: 

\ 2 (n)sl(-n) = (-(p' i r+(p> 2 r). 
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Similarly we have 

A 2 (n) S J-(-n) = (-(pi)-» + (^)-»). 

Corollary 2.3. 

A(l -p 1 /p 2 )p 2 A 1 (z)St(zp, 1 ) := -A\l-p\/p' 2 )p' 2 K 2 {z)Si{zp'- 1 ) : . 

From the assumption on Si(z), we have that the following relations 
for the screening currents when \z\ ^> \w\: 

S+(w)St(z) = w^f(z/w) : St(z)S+(w) :, 

where f(z) is an analytic function in z 

Proposition 2.4. 

~ A 'j^ti) A ' {1 -P'MP^HZP^MP'I = A^^ ) A{l-p 1 /p 2 ) g p 2 -^f{zp 2 -'/w)p 2 , 

- A '^Z^ A '^M)f^ w / z ) = A^^ j A(l-p 1 / P2 )gf{p 2 w/z). 
Thus, from above let z = or w = 0, we have 

(p' 2 /p l )(i-p' 1 /p 2 )(p 2 /p 2 )- 2/3 = -(P2/Pi)(l-Pi/P2)g 

Thus 

^Mfi^M = ^^fizp^/w) 

Then from the formula above and f(z/w)w 2 ^ would degenerate into 
(w — z) 2/3 , when q goes to 1, we have 

Theorem 2.5. 

{z/w\p' 2 /p l ,q) OD 



f(z/w) = (1 - z/iu) 



[z/w\p' 2 /p' 1: q) c 



Pi 2/3-1 

Pi 



where we set p' 2 /p 2 = q and 



(zM)oc = IK 1 - at ") 

n=0 



This follows from that 



{z/w\q\qU b _ a 

i™(^|g b ,g)oo U 7 j 

We can set p\ to 1, which corresponding to shift by pi. 
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Corollary 2.6. Let p\ — \ and p' 2 = p, we have 

P2 = pq' 1 

,1-2/3 



g = qq 



Pi = q 



(1-pq x ) 

Therefore with the assumption we impose on the screening operator 
and the operator li(z), all the correlation function between the vertex 
operators are uniquely determined. These formulas also determine the 
formulas for for h(z) and Si(z). Now, we will proceed to present here 
the formulas for h(z) and Si(z) and check that if this construction is 
possible such that the operator h(z) commute with Si(z). 

f(z/w) = (1 - z/w)- 



(z/w\pq 2f3 1 ,q) c 



(1 ra(2/3-l) n _ n 

S n>0 -(-l + ( g ^ n W 
n 1 — q n 



Thus we have 

n n(2f3-l) n _ n 

st(n)st(-n) = (-1 + ( g P n P ), 

1 — q n 

for n > 0. Similarly we have that 

s +( n )A 1 (-n) = (-l + (p<T 1 )-"), 

A 1 (n) a +(-n) = (-l + (pg- 1 r), 
S +(n)A 2 (-n) = (-g-^- 1 ) + (p)-), 
A 2 (n) a J-(-n) = (-9»^- 1 ) + ( P r), 

for n > 0; and 

exp -2Ai(0)/3 = pg" 1 
exp -2A 2 (0)/3 = g 2/3 "V 
From the algebraic point of view, it does not affect the algebraic 
structure of the operator (z), not matter what the solution we choose 
for the first equation for Si(n), because they are all equivalent up to 
re-scale of the Heisenberg algebra. Once they are chosen, then Aj(n) 
are automatically decided. However from Corollary 2.3, the following 
relations must be valid in oder to make l\ (z) commute with the integral 
of St(z). 

Ai(n) + st(n)q n p- n = A 2 (n) + s+ (n)p- n . 
exp\ 1 (0)(qp- 1 )=exp\ 2 (0)p- 1 . 
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These are very strong restrictions. Then we have: 

Theorem 2.7. For any given screen operators that has the correlation 
function as define by Theorem 2. 5. Let the operator l\ (z) be a sum of 
two vertex operators such that l\ (z) commutes with the integral of the 
screen operator and the correlation function of product of one element 
of the sum has one pole and one zero. l\{z) exists and unique up-to 
shift of z, if and only if 

p = q 1 -?. 

Now we have: 

A 1 (z)St{w) = q-P {Z ~ W \, : Ai(z)S+(w) :, \z\ » \w\, 
[Z — wq p ) 



S+(w)A 1 (z) = q~ \}" : A 1 (z)S+(w) :, \w\ » \z\; 



and 



A^zq^S+iw) = ■ A^Stiw) :, \z\ » \w\, 

[z — W) 

S+(w)A 1 (z) = q ^ z ~ wq p : A 1 (z)St(w) :, \w\ » \z\. 
(z — w) 

Thus we have: 
Corollary 2.8. 

A x (n) = -X 2 (n)q n ^~ 1 \ 
Let gij(z) for i,j = 1, 2 be the function such that 

A i (z)A J » = g tJ (w/z) : A i (z)A j (w) : . 
From Corollary 2.3, we have 
Proposition 2.9. gij(w/z)/gji(z/w) are equal for all the iJ—1,2. 

Theorem 2.10. h(z) satisfies the same commutation relations as the 
quantized virasoro algebra in M 

This follow from the corollary and proposition above. Or, if we 
compare these formulas with the know formulas 0, etc., we know that 
they are exactly the same as the formulas for the bosonization of q- 
virasoro algebra and its screen operator with a difference of a shift of 
the variable for h{z). 

These results show that the q-virasoro algebra can be derived from 
the point view of deformation of the screen operators and then deriva- 
tion of q-deformed virasoro algebra and this deformation is also uniquely 
determined. This shows that the quantized virasoro algebra is indeed 
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a rigid structure. However, even from this point of view, there is an 
exception case, namely the case (3 = 1/2. 

3. The commutant for the case (3 = 1/2 

We will follow the same notations as in the section above, for the 
basic definitions. But this time, we will set the value (3 = 1/2. We also 
first assume that p is q are generic. 

S(z)S(w) = {z-w): S{z)S{w) : 

Thus we have: 

St(w)St(z) = wf(z/w) : St(z)Sf(w) :, 
where f(z) is an analytic function in z and when q goes to 1, 

f(z/w) = 1 - z/w. 
As in the section above, let us define the operator as 

h(z) = A 1 (z)+A 2 (z), 
where Aj(z) as the generating function: 



M z ) =g l 1 ■ gx p (j2 



m]z- m : . (6) 



Here Aj[m] are in C[i,ii] for % = 1,2. We also assume that that the 
two products Ax^Si^w) and Si(w)Ai(z) have the same correlation 
functions. Then we have 



Mz)S+(w) = A ) Z WPl [ : A^SUw) :, \z\ » 
(z - wp 2 ) 



w 



St(w)A l (z) = A [ . Z PlW ( : A 1 (z)St(w) :, \w\ » \z\, 
[z — P2W) 

Ap\/P2 = 1, 

and h(z) commutes with the the operator / Si(z)dz/z. 
Let's fix p' 2 /p2 = Q- From Proposition 2.4, we have 

v wp' 2 ' \ WP2 ' 

and 



f(z/w) = (1 - z/w) 



(z/w^/p'^q), 
Therefore, we have 



10 



JINTAI DING AND BORIS FEIGIN 



Theorem 3.1. 

f(z/w) = (1 - z/w), 

Si(z) is a fermion. 
Corollary 3.2. 

(l--^-) = (l-— ) 
wp\ wpi 

Here we can see clearly that this a very special situation compared 
with other /3, because the equation shows that we have one fewer re- 
striction on the choice of the parameters that decides the poles and 
the zeros of the correlation function of Aj(z) and S^(z). This basically 
tells us that, for any operator Ai(z) such that A±(z) has the correla- 
tion functions with the fermion Si(z) as defined above, we can derive 
uniquely another vertex operator A 2 (z) such that h(z) commute with 
Si~(z). This construction can be explicitly given as 

Theorem 3.3. Let A±(z) be an operator such that the correlation func- 
tion ofAi(z) with the fermion Si(z) defined as above. The the operator 

h(z) = A(z) 1+ p 2 (p 2 / Pl - l)A(z) 1 5 1 + (zp 2 - 1 )(5 1 + (z))- 1 , 

commute with the action of the integral ofSi(z). 

Corollary 3.4. Let 





(n) 


= l,st(-n) = -l, 


Ai(- 


-n) 


l = (-ft B + (P2)- B ), 


Ai 


(n) 


= -(-rf + (P2) B ), 


A 2 (- 


-n) 


= (-Pi n + (P2q)- n ) 


A 2 ( 


n) 


= -(-K + (P2gD, 



for n > . 

These automatically gives us the commutation relations between 
Aj(z) and l\{z) 

Theorem 3.5. On the Fock space, the matrix coefficients of l\{z)li{w) 
and li(w)li(z) are equal. 

Next we will deal with the case, if they are two or more screen 
operator, which would also leads us the quantized W-algebra and other 
new algebras, when we choose the screening operators for other cases 
such as sl(2, 1). 
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4. The case for two screen operators. 

In this section, we will extend the similar construction to the case of 
two screen operators. 

Let us first introduce the Heisenberg algebra H qp {2) be the Heisen- 
berg algebra with generators ai[n],n G Z, and relations 

[ai[n],cij[m]] = -Aj(w)<*n,-m, (7) 

which is defined on the field of the rational functions of p and q, two 
generic parameters for \q\ < 1, A iti = 1 and Aij(n) = a(n) is a rational 
function of p and q for % ^ j. 

For fj, be a element of a two dimensional space A 2 generated by aij, 
for i — 1,2. Let a* be the generator of its dual space A^, such that 
a*(aii) = 2 and a* (a,-) = —b/j3i. Let 7r M be the Fock representation 
of H q>p (2) generated by a vector v^, such that ai[n]v^ = 0,n > 0, and 
ai[0]v M = fi(a^)v^. We assume here /3i and fa generic. 

Introduce operators Qi, which satisfy commutation relations [di[n], Qi] = 
2(3i8 nfi , [aj[n],Qi] = -b5 nfi . The operators e Ql act from 717, to 7r M+/ 3 Qi . 

Now we can define two quantized screening currents as the generating 
function 

S+(z) = e Q >z< [0] : exp ( £ s+ •(m)o i [m]z- m :, (8) 

where 4[ m ] are in C[i, n] for m ^ and s^[0] = Oj[0]. We assume that 
the limit of these operators, when q goes to one, degenerate into the 
classical screen operators. Let Si(z) be the classical counter part of 
S^(z). Then we have that 

S?(z)S?(w) = z^{l-w/z)^ : Sf(z)Sf(w) 
S+(z)S+(w) = z-\l - w/z)- b : St{z)St{w) :, 
S+(z)S+(w) = z-\l - : S+{z)S+{w) : . 

Thus we have that 

St{z)St{w) = z^f iti (z,w) : S?(z)S?(w) : = 
z 2/3 exp (expj: m>0 st(m)st(-m)w m /z m )) : S?(z)S?(w) : 

S+(z)S+{w) = z- b f 2il (z,w) : St(z)S+(w) := 
W - 6 exp (expl/nE m>0 A 2il 4(m)s+(-m)«; m /z m )) : Sf(z)St(w) : 

S+(z)S+(w) = z- b f h2 (z,w) : S+(z)S+(w) := 
z- fe exp (expS m>0 A li2 (m)4(m)4(-m)w m /2 m )) : S?(z)S£(w) : 
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We would try to find a similar construction that gives us the opera- 
tors that will commute with the action of this quantized screen operator 
/ S^~(z)dz/z. The simplest choice again would be the same assump- 
tion as in the sections above that this operator should be a sum of two 
vertex operators. For this case, it is a straightforward argument as in 
the sections above to show that it is impossible. We leave this as an 
excise. 

Therefore, the simplest possible choice is that they should be a sum 
of three vertex operators. Let us define the operator as 

h(z) = A 1 (z) + A 2 {z)+A 3 (z), 

where Ai(z) as the generating function: 



Ai(z) = gi : exp \ij(m)aj\m\z m ^J 



(9) 



Here \[m\ are in C[i,ii] for i = 1,2,3. As in the sections above, as- 
sumptions on the correlations functions are necessary. The possible 
simplest case to deal with is to have once more the simplest choice 
that the correlation functions between Sf{z) and Aj{w) are 1, for the 
two pairs % — l,j — 3, and % — 2,j — 1, which also means that, for 
either pair of the operators, they commute with each other. Again, 
we will start from the correlation functions between Si(z) and A^z). 
As in the section above, we picked the simplest choice that that the 
two products A 1 (z)Si(w) and (w)A 1 (z) have the same correlation 
functions and 

AxOOS+H = A . ( z ~ w \ • A^S+iw) :, \z\ > \w\, 
(z — wpq^ 1 ) 

S+(w)A 1 (z) = A - ( z ~ w \ . A^ z )s+(w) :, \w\ > \z\. 
(z — wpq ') 

and 

A = qp' 1 . 

From the results in the sections above, we have 

Proposition 4.1. If the operator h(z) commute with the the operator 
J Si{z)dz/z, then the correlation functions of the products Ai(z)Si(w) 
andSi(w)Ai(z) must be equal and the correlation functions must have 
only one pole and one zero. 

A 2 (z)St(w) = A l {Z ~ WP ]\ : A 2 (z)Si(w) :, \z\ » \w\, 
[z — wp 2 ) 

St(w)A 2 (z) = A Z ~ WP ']\ : A 2 (z)St(w) :, \w\ » \z\, 
{z - wp 2 ) 
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A'p'M = 1. 

A(l- Pl /p 2 )p 2 : k^Stizp?) := -A\\-p' x lp' 2 )p' 2 : A 2 (z) Sf (zp',' 1 ) : . 
Let p' 2 = p and p' 2 /p 2 = q, then 



92 = qp 20 



(pg2^-l _ X) 



(1-pq- 1 ) ' 

This follows directly from the argument in the section above. 
The proposition gives us that: 

A(l- Pl /p 2 )p 2 : A^Stizp, 1 ) : S+(w) = -A!{l-p'Jp' 2 )p' 2 : A 2 {z) S+ \zp' 2 X ) : S 2 + H 

SSW^l-pi/pa)^ : K,{z)St{zp 2 l ) := -S 2 + HA'(l-p'iM)p 2 = A 2 (z)St(zp' 2 ~ l ) : 
Let 

St(z)Aj(w) = S/Uj&w) : Sf(z)A(u;) :, 
Ai(z)S+(w) = ASifaw) : 5+(z)A( W ) : . 

Corollary 4.2. 

6 = A, 

S(l-p 1 /p 2 ) ? -Vl,2(^2\^) = -S / (lVlM)(P2)"V2/l,2(V2"\^)A^2,2(^^)^ 

B(l-p 1 /p 2 )f 2)1 (w,zp 2 1 ) = -B'(l-p' l /p' 2 )g 2 SA 2j2 (w,z)f 2jl ((w,p 2 ~ 1 z). 
We have: 

f2,i(w,zp 2 1 )/f 2)1 (w,zp'f 1 ) = SA 2j2 (w,z), 
h^zp^ 1 ,w) / fi^zp'^ 1 ,w) = B~ 1 AS 2 ,2(zp,w). 

f 2A (w, zqP)/f 2A (w, zq?- 1 ) = SA 2 , 2 (w,z), 

h^zq^w)/h^zqP- l pi 2 -\w) = B~ 1 AS 2>2 (z, w). 
Let's assume the following condition: 



A 2 (z)S+M = B {Z Wqi \ : A 2 (z)S+(w) :, \z\ » 
(z - wq 2 ) 



w 



S 2 + (w)A 2 (z) = B { . Z Wqi \ : A 2 (z)S+(w) :, \w\ » |*|. 
(z — wq 2 ) 

Similarly from the results for the the case of one fermionic screening 
operator, we have 
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Proposition 4.3. If the operator l\{z) commute with the the operator 
I S 2 (z)dz/z, then the correlation functions of the products A 3 (z) S 2 (w) 
and S 2 (w)A 3 (z) must be equal and the correlation functions must have 
only one pole and one zero. 

As(z)St(w) = B' ^Zl^ : Hz)St(w) :, \z\ » \w\, 

S+(w)A 3 (z) = B' ^Zl^ : A3(z)S+(w) :, \w\ » \z\, 

B'(l- qi /q 2 )q 2 : A 2 (z) S+ (zq^ 1 ) := -B' {1-qJ q' 2 )q' 2 : A 3 (z)S+ (zq'^ 1 ) : . 

B'q[/q' 2 = I. 

Let q' 2 /q 2 = p' ■ 
Therefore we have: 

St(w)B'(l- qi /q 2 )q 2 : A 2 (z) S+ (zq, 1 ) := - S + (w)(l- qi / q' 2 )q' 2 : A z {z)St {zq'' 1 ) : 
&{l-qil<*)q% - A^SUzq, 1 ) : Sf» = -A'(l- ?1 / ?2 ) ?2 : Aa^^ 1 ) = ^ + 
Corollary 4.4. 



S / (l-gi/g2)g 2 g 2 6A5 2,i(^>«')/2,i( 2! 92 1 >«') = ~ B ' (l-qi/ q' 2 )q' 2 (q' 2 ) ^3/^2/2,1(^2" 



„) = -B'(l-qM)M)- b g 3 /g 2 f 2t 
B'(l-q 1 /q 2 )q 2 SA h2 (w,z)f h2 (w, (zq^ 1 )) = -B'(l-q 1 /q 2 )q 2 g 3 /g 2 f 1:2 (w, (zq'f 1 )). 

a-ikq i \ hi{zq 2 ~\w) 

A AS 2A {z,w) = —- — r, 

f2,i{zq 2 -\w) 

SA h2 (w,z) = —— — . 

fi,2{w,zq 2 !) 

Because 

f2,i(w,zp 2 1 )/ 'f2,i(w,zp' 2 ~ 1 ) = SA 2j2 (w,z), 

We can see that, for q', there are two possibilities: q' = q, or q' = q^ 1 . 
If q' = q' 2 /q 2 = q,, we have 

(z-wq 1 ' 213 ) f2,i{zq' 2 ~ 1 -,w) 



(z-wq 1 -! 3 ) / 2 ,i(^2 _1 ,w)' 

(z - wqj) = f 2yl {w,zqP) 

2 1 (z-wq 2 ) f^w^zqP- 1 )' 

(z — wqPqi) (wq' 2 — zq 1 ^ 213 ) 

q2,qi {z - wq?q 2 ) = ( {q' 2 w - zq^) 
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Or, if q' — q 1 = q' 2 /q2, we have 

(z — wqPqi) , {wq 2 — zq 1 ^ 213 ) 



<hl<h 



(z — wqPq 2 ) (q2W — zq 1 P) 
This is impossible. 

Theorem 4.5. This operator I \(z) exists if and only 

q' = q 

ac i 7 w) _ J2,i{zq' 2 -\w) _ h^w.zq'f 1 ) 

Ab 2 ,i{Z,W — A— — — r - - — — -, 

J2,i{zq2 ,w) fi )2 {w,zq2 L ) 

A~ 1 AS2,i(wq' 2 , z) = SA 2 ,2(zq- t3 ,w). 

Here, the operator h(z) is not uniquely determined, because we g« 
and q[ are determined up to one parameter. However we see that 
from the very begining, we do not fix the structure of the Heisenberg 
algebra, rather let it depend on the parameter A 12 (n) and A2 t i(n)., 
which is decided by the this extra parameter. On the other hand, it 
reflects nothing but the possibility to re-scale one of the two screening 
operators from sf(z), which does not change the correlation functions 
of fi,i(z,w) but the functions fij(z,w) for i ^ j. 

Nevertheless, all the correlation functions between the vertex opera- 
tors and the the function A(i,j)(n) are all uniquely determined, once 
we fix any of the parameter qi and q[. From now on, we will assume that 
q' 2 is fixed. With the formulas above, we can see that all the operators 
are thus uniquely determined. 

On the other, this construction becomes the the same as the ones 
given to the screen operators and the quantized virasoro algebra for 
the case of s[(3) in 0, if q 2 = p 3 ^ 2 . 

Let's assume that h(z) exists. Then we have 

(zq^-wq 1 - 213 f 2 ,i(z,w) 



(q^z-wq 1 P) f 2>1 (zq,w) 
(zq' 2 - wq 1 ~ 2/3 fi,2(w,z) 



{zq' 2 - wq 1 P) fi, 2 {w, zq) ' 



Therefore 
Proposition 4.6. 



{w/z\q' 2 V 2 P,q) c 
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, , (z/w\q' 2 q 1+2/3 ,g)oo . 
\z/w\q 2 q +p 



On the other, this construction becomes the the same as the ones 
given to the screen operators and the quantized virasoro algebra for 
the case of sl(3) in 0, when ^ = p 3,/2 and 

h^z.w) = f 2 ,i(z,w). 

5. The case for two screen operators with one of them 

as a fermion. 

We use the same notations as in the section above. But here we 
assume that fti = (3 and (3 2 — 1/2- We have the The Heisenberg algebra 
H q p {2) and the Fock spaces. The two quantized screening currents are 
defined just before, and we assume that the limit of this operator when 
q goes to one degenerate into the classical screen operators. 

Let Si(z) be the classical counter part of S^(z). Then we have that 

S+(z)S+(w) = {z- w)S+(z)S+(w) :, 
S+(z)S+(w) = z 2ft (l - w/z) 2 ^ : S?(z)St(w) :, 
S+(z)St(w) = z-\l - w/z)- b : S+(z)St(w) :, 
S+(z)S+(w) = z-\l - w/z)- b : S+(z)S+(w) : . 
Therefore here we have: 

S+(z)S+(w) = zf i;i (w,z) : Sf(z)S+(w) := 
zexp (expZ m>0 sf(m)st(-m)w m /z m )) : S?(z)S+(w) : 

S+(z)S+(w) = z) : S+(z)S?{w) := 

z 2/3 exp {expE m>0 st(m)st(-m)w m /z m )) : S£(z)Sf{w) : 
Sf(z)St(w) = z~ b f 2A (w,z) : Sf(z)St(w) := 
uT b exp (expl/nS m>0 A 2il 4(m)s+(-m)w m /z m )) : S}(z)S^(w) : 

= ^ b /i,2(^^) : St(z)S+(w) := 
2- fe exp (exp£ m>0 A li2 (m)4(m)4(-m)w m /,2 m )) : S+{z)S+(w) : 

We will proceed as in the section above: 
Let 

h{z) = A 1 (z) + A 2 (z)+A 3 (z), 
where Aj(z) as the generating function: 

Ai(z) = gi : exp ^ A ij -(m)a J -[m]z" m ^ : . (10) 

Here Xi[m] are in C[i, n] for i — 1, 2, 3 and gi — 1. 
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We assume that the correlation functions between S^(z) and Aj(w) 
are 1, for the two pairs % — l,j — 3, and % — 2,j — 1, which also means 
that for either pair of the operators, they commute with each other; the 
two products Ai(z)Si (w) and S±(w)Ai(z) have the same correlation 
functions; and 

Ax^S+H = A ( Z ~ W \ : A^S+iw) :, \z\ » \w\, 
St(w)A 1 (z) = A ( z ~ w \ . A^S+iw) :, H » k|. 

and 

A = 

Proposition 5.1. If the operator h(z) commute with the the operator 
J Si(z)dz/z, then the correlation functions of the products Ai(z)S^~(w) 
andSi(w)Ai(z) must be equal and the correlation functions must have 
only one pole and one zero. 

A 2 (z)St(w) = A Z ~ WP ]] : A 2 (z)St(w) :, \z\ » \w\, 
[z — wp 2 ) 

St(w)A 2 (z) = A Z ~ WP '^ : A 2 (z)St(w) :, | W | » \z\, 
(z - wp 2 ) 

A'p'M = 1. 

A(l- Pl /p 2 )p 2 : A^S+izp?) := -A'(l-/iM)p; : A 2 (z) Sf (zp',' 1 ) : . 
Let p' 2 = p and p' 2 /p 2 = q, then 

-.1-2/3 



92 = qp 



Pi = q 

-2M^~ X ~ 1) 



Let 



S+(*)A» = 5Ay («,«;) : S+(z)A(w) :, 
Ai(z)S+(w) = ASijfrw) : 5+(z)A(w) : . 

Corollary 5.2. 

B(l-Pl/P2)q?fl,2(zp^ 1 ,H = -^ , (1-P / iM)(P2)"V2/i ) 2(V 2 " 1 ^)A^ ) 2(^^), 

B(l-p 1 /p 2 )f 2)1 (w,zp 2 1 ) = -B'(l-p' 1 /p' 2 )g 2 SA 2j2 (w,z)f 2jl ((w,p' 2 ~ 1 z). 
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We also assume the following condition: 

A 2 (z)St(w) = B [ Z ~ Wqi l : A 2 (z)S+(w) :, \z\ > \w\, 
(z - wq 2 ) 

S}(w)A 2 (z) = B { { Z ~ Wqi \ : A 2 (z)St(w) :, | W | » \z\. 
(z - wq 2 ) 

Similarly from the results for the the case of one fermionic screening 
operator, we have 

Proposition 5.3. If the operator h(z) commute with the the operator 
J S 2 (z)dz/z, then the correlation functions of the products A 3 (z)S 2 (w) 
and S 2 (w)A 3 (z) must be equal and the correlation functions must have 
only one pole and one zero. 

A 3 (z)S£(w) = B' ^Z^ : A 3 (z)S+(w) :, \z\ » \w\, 

St(w)A 3 (z) = B' ^^ : A 3 (z)S£(w) :, | W | » \z\, 

B'(l- qi /q 2 )q 2 : A 2 (z) S+ (zq^ 1 ) := -B'(l- qi / q ' 2 )q' 2 : A 3 {z) S+ (zq'' 1 ) : . 

B'q'Jq' 2 = 1. 

Let q' 2 /q 2 = p' . 
Corollary 5.4. 

B\\-q x lq 2 )q 2 q 2 h AS 2 ^z,w)f 2 ^zq 2 \w) = -B\l-qjq' 2 )q' 2 (q> 2 )- b g 3 / g 2 f 2>1 (zq: 



2 



B'(l-q 1 /q 2 )q 2 SA h2 (w,z)f h2 (w,(zq 2 1 )) = -B'(l-q 1 /q 2 )q 2 g 3 /g 2 f 1:2 (w,(zq' 2 

Similarly we have 
Theorem 5.5. This operator h(z) exists if and only 



q' = q 



Q.2 = Qiq 13 , 



AS 2 ,i(z,w) = A 



P = b 

f2,i(zq 2 ~\w) /i )2 (w,^2 _1 ) 



f2,i(zq 2 1 ,w) fi, 2 (w,zq 2 *) ' 
A- l AS 2A (wq' 2 ,z) = SA 2i2 (zq-?,w). 
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Proposition 5.6. 

{w/z\q' 2 ~ l q 2 - (3 ,q) c 



loo 



t ( \ (z/w\q' 2 q 1+2/3 ,g)oo v 

The next is to derive the commutation relations of h(z) with itself. 
Let's set 



q" 

sf(-n) = (q n -l + q n P - q n ^), 
4 



4( n ) = !> 



4 (-«) = -i, 

for n > 0. 
We have: 

(-?rv M +?2~v (2_2/3) ) 



Ai )2 (n)si"(n)s^(-n) 



(1 - g») 

(_ ? /n ? n(-l+2/3) + g , n ? n(-l+/?)) 



(1 - g») 
Proposition 5.7. 

/ / — n 71(2-/3") i l —n n(2—23)\ 

(-92 9 1 + 92 9 1 PJ ) 



^ 2 ' l(n) (1 - - 1 + q»P - q n ^)) ' 

A 1>2 (n) = -(-g 2 V ( " 1+2/3) +9rV ( - 1+/3) ) 



»<-i + 20_ fl »(-i + ^ (-9" (2 ^ + 9" (2 - 2/3) ) 



Ai(n)^(n) = (9— -9 , (1 _ qn){qn + ^ 

Let A 3 (z) = (? 3 ~ 1 A 3 (2:). Because of A 3 (z)'s correlation functions with 
Si(z) Si(z), we have that: 

s+(n)(A 3 ,i(-n) + A 3)2 (-n)A li2 (n)) = 0, 

s+(-n)(A 3l i(n) + A 3l2 (n)A 2)1 (n)) = 0, 

(A 2il (n)As,i(-n) + A 3)2 (-n)) = (^V^ - 9 2 ~ n ), 

(A 1>2 (n)As,i(n) + A 3 ») = -(g 2 V" +ri/3 - g 2 "), 

for n > 0. 
Therefore 

grv- n/3 - 9r n ) 



\ / \ 1'2 1 1 



(n)Ai, 2 (n) 



20 
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(a' - n a n - n P - a' ~ n ) 
^ = I%t(n)^(n) ^ 

-(g 2 V" + ^-? 2 ") 
As ' 2(n) " l + A.H^H' 

A 3>1 (n) = MM ^ff^-fl 

for n > 0. 

Then we have 

AA 3j3 (n) = 

_/ /n -n+n/3 _ /n\ 



1 + A 2> i(n)Ai )2 (n) 



_( n —n+n(3 _ i 



1). 



1 + iX"^ 2 /?) - O n (~ 1 +^ (-g"( 2 -^)+q"( 2 - 2 ^) 

i + W ^ (l_ 9 n)( 9 n_ 1 + 9 n/3_ 9 n(l-^)) 

Equivalently, we should have 

AA 3j3 (n) = 

_/ l-n n-n/3 _ I -n\ 

As^(-n)(A li2 (n)V(n)+A3,2(n)) = " ^ g ^/ (^V^-O = 

' ' (g-^-l), 



1 4- (-^(-1+2/3) _ n n(-l+3)\ (-g"(2-/3)+g"( 2 - 2 ' 3 )) 

for n > 0. 

From the formula, we can see that they are indeed equal. 

1 



1 + A 2A (n)A h2 (n) 
1 



(_ g w(2-£) +g n(2-2fl)) 



1 + (^(-n-2/3) _ g"(-^)) (1 _ 9n)(gtl . 1+ ^_ g „ (1 . W) 
(1 - g n )(g n - 1 - g n/3 + g"^)) 



(1 - q n )(q n - 1 - g n/3 + g™( 1 -' 3 )) + (-g"(2-£) + g n(2-2/3) ^(-1+2/3) _ q n{-l+0)) 

(1 _ q n )(q n — 1 + q nfS — g n ( 1 ~' 3 )) 
g«(i-/3)(g«/3 _ 1)2 + (1 - g n )(g n - 1 + q 11 ! 3 - q^ 1 -! 3 ) ~ 

(1 - g n ) (q n - 1 - g n/3 + g n ( 1 -' 3 )) 

g n(l-/3)^n/3 _ + (\ _ _ 1 + g«/3 _ g n(l-/?) ~~ 

— q~ n/3 (l — q n )(q n — 1 + q n/3 — g n ( 1-/3 )) 

(1 - g-^)(l - g2n-n/3) " 
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q n-n^ q -n+nf3 _ ^-n/J^ _ q n^ g n _ 1 + g n/3 _ q n(l-/3)} 

AA *M ~ (l-g-^)(l-g2"-^) 

qn-nfi ^q-n+n/3 _ \Yq~ n @(\ — g ra )(g ri/3 + g n ) 

4(n)(A 2) i(n)Ai,i(-n) + A lj2 (-n)) = 0, 
s^(-n)(Ai i2 (n)Ai,i(7i) + Ai, 2 (n)) = 0, 
s+(n)(A 1)1 (-n) + A 1)2 (n)A 1>2 (-n)) = (-1 + 
s+(-n)(Ai,i(n) + A 2>1 (n)Ai, 2 (n)) = (-1 + <T n/3 ), 

for n > 0. 

x r ^ -l + g n/J ) 



s+(-n)(l + A 2il (n)A 1)2 (n))' 
Therefore 

AA M (n) = 

Ai,i(n)(Ai > i(-n) + Ai )2 (ra)Ai >2 (-ra))s2" (n)/sf (n) = 
(-1 + g n/3 )(-l + g- n/3 ) 
s+(-n)s+(n)(l + A 2 ,i(n)Ai i2 (n)) ~ 
-(g n/3 - 1)(1 - g n )V n/3 

With this we have: 

AA(n) - AAi(n) = 
(1 -g n )(g- n+n/3 -g" n/3 ) = 

This shows that Ai(z) and A 3 (z) basically have the same commuta- 
tion relation up to certain poles. 

Let v be an element in the Fock space and v* an element in its 
dual space. Let us denote the matrix coefficient of an operator X by 
< v*,Xv >. 

Proposition 5.8. 

< v*A(z)Ai tl (w)v >=< v*A(z)A 1A (z)v > x 

^(fg^) 2 ^(fg 2 ) 
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This is proven by the following calculation. 

Ai(z)Ai(iu) = AA 1A (z,w) : Ai(z)Ai(«;) : 

/ -( q nf3 _ _ q n\2 -n/3\ 

exp [X n>0 (w/zr [q {l _ q2n Z) ) ■ M*)AiH ■ = 

/ . . . n -l + 2q n -q 2n + q~ n P -2q n ~ n P + q 2n ~ n P\ 
exp [Z n>0 (w/zT * (1 _ g2w - w/3) J = Ai^AiM 

(w/z^-^q^liw/z^q^Uiw/zlq^q 2 -^ 

■ Ai{Z)Ai{W ) : 



(w/z\q,q 2 ^loiw/zlq @,q 2 ^)oo(w/z\q 2 0, g 2 ^) 
Therefore 



Proposition 5.9. 



AAi ) i(2,iu)/AAi j i(iu, 2) -- " 



00 

x 



This follows from: 

AA lil (z,w)/AA 1>1 (w,z) = 

(w/z\q^, q^Kw/z]!, q 2 '^){w/ z\q 2 , q 2 ^) 
(z/w\qi-?, q 2 -P)Uz/w\l, q 2 ^) ^ (z / w\q 2 , q 2 '^ 

(z/w\q, q^Kz/wlq-P, q 2 ^U{z / w\q 2 ~^ q 2 ~%_ 
(w/z\q, ^ 2 -' , )^>/*l<^'^ q 2 -noo(w/z\q 2 -P, q 2-P )r 

_ e q ,-^q^) 2 e q ,-^q 2 ) 

- e q ^q^) 2 e q ^q 2 y 

l(z)l(w) = L(z,w) : l(z)l(w) : . 



Let 



Theorem 5.10. 



L(z,w) _ e q2 -^q^)% 2 -^q 2 ) 

l(w,z) e q2 ^a^) 2 e q2 -,(fa 2 Y 1 ] 



We call the algebra associated to the operator l(z), the quantized 
W-algebra of sl(2, 1). The degeneration of this operator, when q goes 
to 1, will give us the classical W-algebra of sl(2, 1). 
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6. The case for two fermion screen operators. 

We use the same notations as in the section above. But here we as- 
sume that Pi = 1/2 and (3 2 = 1/2- We have the The Heisenberg algebra 
Hq !P (2) and the Fock spaces. The two quantized screening currents are 
defined just before, and we assume that the limit of this operator when 
q goes to one degenerate into the classical screen operators. 

Let Si(z) be the classical counter part of Sf{z). Then we have that 

S+(z)S+(w) = (z- w)S+(z)St(w) :, 
S+(z)S?(w) = (z-w): S+(z)S?(w) :, 
S+(z)St(w) = z-\l - w/zy b : S+(z)St(w) :, 
S+(z)S+(w) = z~ b (l - w/zy b : S+{z)S+{w) : . 
Therefore here we have: We have that 

S+(z)St(w) = zf iti (w,z) : St(z)St(w) := 
zexp (expZ m>0 si(m)st(-m)w m /z m )) : S+(z)S+(w) : 
S+(z)S+(w) = w- b f 2il (w,z) : S+(z)St(w) := 
w~ b exp (expl /nZ m>0 A 2A s+(m)sl(-m)w m /z m )) : S+(z)S+(w) : 
S?(z)S+(w) = w- b f 1<2 (w,z) : S+(z)S+(w) := 

z~ b exp (expZ m>0 A h2 (m)sUm)sU-m)w m /z m )) ■ S+(z)S+(w) : 

We will define l\{z) as an operator that commutes with the action 
of the quantized screening operators / Sf (z)dz / 'z, and 

h(z) = A 1 (z)+A 2 (z)+A 3 (z), 

where Aj(z) as the generating function: 

Ai(z) = g { : exp ^ A^m^m]*""^ : . (12) 

Here Aj[m] are in C[i,n] for % = 1,2,3 and g\ = 1. We use the same 
assumption that the correlation functions between S^(z) and Aj(w) 
are 1, for the two pairs i — l,j — 3, and i — 2,j — 1, which also 
means that for either pair of the operators, they commute with each 
other. We also assume that the correlation functions between Sf(z) 
and Ai(;z). satisfy the condition that the two products Ai(z)Sf(w) and 
Si(w)Ai(z) have the same correlation functions and 

A 1 (z)S+(w) = A ( z ~ w \ . A 1 (z)SUw) :, \z\ » \w\, 
[z — wpq L ) 

St(w)A l (z) = A - ( z ~ w \ : A^S+iw) :, \w\ » \z\. 
[z — wpq L ) 
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and 

A = pq~ l . 

Similarly we have: 

Proposition 6.1. If the operator h(z) commute with the the operator 
f Sf(z)dz/z, then the correlation functions of the products Ai(z) Sf (w) 
and Si(w)Ai(z) must be equal and the correlation functions must have 
only one pole and one zero. 

A 2 (z)Sf(w) = A' { . Z ~ WP ']\ : A 2 (z)Sf(w) :, \z\ » \w\, 
[z — wp 2 ) 

St(w)A 2 (z) = A' ^'^' 1 } : A 2 (z)St(w) :, | W | » \z\, 
[z — wp 2 ) 

A'p'M = 1. 

A(l- Pl /p 2 )p 2 : A^Stizp, 1 ) := -A'(l-/iM)p; : A 2 (z) Sf (zp',' 1 ) : . 
Let p' 2 —p and p' 2 /p 2 = q, then 

p[ = l 

92 =pq~ 1 (pq~ 1 - 1). 

This follows directly from the argument in the section above. 
Let 

St(z)A j (w)^SA ij (z : w):S+(z)A(w) :, 
Ai(z)S+(w) = ASij&w) : S+(z)A(w) : . 

Corollary 6.2. 

B(l- Pl /p 2 ) q2 b f l!2 (zp 2 1 ,H = - J B / (1-P / iM)(P2)"^2/i ) 2(V 2 " 1 ^)A^ ) 2( 

B(l-p 1 /p 2 )f 2)1 (w,zp 2 1 ) = -B > (l-p' l /p' 2 )g 2 SA 2)2 (w,z)f 2)1 ((w,p 2 ~ 1 z). 
We have: 

f2,l(w,ZP2 1 )/f2,l(w,Zp' 2 ~ 1 ) = SA 2i2 (w,z), 

h^zp^ 1 ,w) / fx^zp'^ 1 ,w) = B- l AS 2 , 2 (zp,w). 

f 2 ,i(w, zq f >)/f 2 ,i(w, zq?- 1 ) = SA 2 , 2 (w,z), 

/i, 2 (V,^)/A,2(V"V2 _1 ^) = B~ l AS 2 , 2 {z,w). 
Let's assume the following condition: 

A 2 (z)S+(w) = B ^~ W<11 \ : A 2 (z)S+(w) :, \z\ > \w\, 
(z - wq 2 ) 



QUANTIZED W-ALGEBRA OF s[(2, 1) :A CONSTRUCTION FROM THE QUANTIZATION OF SCREENING 01 

S+(w)A 2 (z) = B ^ Wqi \ : A 2 (z)S+(w) :, \w\ > \z\. 
(z - wq 2 ) 

We have: 

Proposition 6.3. If the operator h(z) commute with the the operator 
J S 2 (z)dz/z, then the correlation junctions of the products A 3 (z)S 2 (w) 
and S 2 (w)A 3 (z) must be equal and the correlation functions must have 
only one pole and one zero. 

A 3 (z)S£(w) = : A 3 (z)S+(w) :, \z\ » \w\, 

S+(w)A 3 (z) = B' iZ ~ Wq ]\ : A 3 (z)S+(w) :, \w\ » \z\, 
[z - wq 2 ) 

B'(l- qi /q 2 )q 2 : A 2 {z)S+ (zq 2 l ) := -B'(l- qi /q' 2 )q' 2 : A 3 (z)S+ (z^ 1 ) : . 

B'q[/q' 2 = I. 

Let q' 2 /q 2 = p'. 
Corollary 6.4. 

B'{l-q l /q 2 )q 2 q 2 b AS 2 ^(z,w)f 2 ^(zq 2 1 ,w) = -B' (l-q l /q 2 )q' 2 (q 2 y b g 3 / g 2 f 2A (zq' 2 ~ 1 , w), 
B'(l-q 1 /q 2 )q 2 SA h2 (w, z)f 1:2 (w, {zq 2 1 )) = -B'(l-q 1 /q 2 )q 2 g 3 /g 2 f h2 (w, (zq'f 1 )). 

A^AS 2A (z,w) = hliZq ' 2 ~ 1 ' W) 



SA 1<2 (w,z) = 



f2,i{zg 2 - 1 ,wy 

/l )2 (w,^2 _1 ) 



Because 



h,2(w,zq 2 r ) 
f % i{w,zp 2 x )lf %x {w,zp' 2 X ) = SA 2j2 (w,z), 



or 



f 2 ,i(w,zp 1 q)/f 2 ,i(w,zp x ) = SA 2i2 (w,z), 
We can see that, for q' ', there are two possibilities: q' = q, or q' = q^ 1 . 
If q' = q' 2 /q 2 = q,, we have 



(z-w) f 2 ,i(zq' 2 1 ,w 



(Z-Wp) f2,l(zq2- 1 ,w)' 

(z - wqi) = f2,i(w,zp- 1 q) 
2 1 (z-wq 2 ) f 2 ^(w,zp- 1 ) ' 

(z - wp^qqj (wq' 2 - z) 

92/917 zr^ = y-n v 

(z - wqp L q 2 ) [q 2 w - zp) 
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For this we must have: 

<hl<h =P~ 1 - 
Or, if q' = q~ l = q 2 /q 2 , we have 

(z - wpg 2 ) (q 2 w - zp) 

This is impossible. 
Similarly we have 

Theorem 6.5. This operator h(z) exists if and only 

q' = q 

<?2 = qiP, 

Ab 21 {Z,W) - A— — - — -, 

J2,i{zq2 1 ,w) fi,2{w,zq 2 L ) 
A- l AS 2:1 (wq' 2 ,z) = SA 2 , 2 (zp-\w). 

Proposition 6.6. 

f , x (w/zlq'^pq, g)oo 



fl,2{w,z) 



(w/z\q' 2 1 q,q) OQ ' 
(z/w\q'2P~\q)oc 



(z/w\<&,q)oo 

The next is to derive the commutation relations of h(z) with itself. 
Let's set 

st(n) = 1, 
st(-n) = -1, 

4W = i, 
4 (-«) = -i, 

for n > 0. 
We have: 

(+q' 2 - n q n p n + q' 2 - n q n ) 



A 2> i(n)st(n)st(-n) 



(1 - g») 



A 1>2 (n) a +(n)4(-n) = ^ 

Therefore 
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Proposition 6.7. 

A 21 ( n ) = -b2"» n + g rv) 



A 1>2 (n) = 
A 2 ,i(n)A 12 (n) 



(i - <r) 

(l-g") 
g n (l -p n ) (1 -p" 



(1 - q n ) (1 - q n ) 
Because of A 3 (z)'s correlation functions with S^z) ^(z), we have 
that: 

s+(n)(A 3 ,i(-n) + A 3 , 2 (-n)A li2 (n)) = 0, 
s+(-n)(A 3 ,i(n) + A 3i2 (n)A 2)1 (n)) = 0, 
(A 2 , 1 (n)\ 3 , 1 (-n) + A 3 , 2 (-n)) = -(g^pY" - 9 2 ~"), 
(^i»A 3 » + As») = (^"Vp - " - 9 2 ~ n ), 

for n > 0. 
Thus 

-{q 2 p q -q 2 ) 



A 3 , 2 (-n) 



1 + A 2A (n)A h2 (n) ' 



A 3 ,i(-n) = rT1 — -— Ai j2 n , 
1 + A 2A (n)A 1:2 {n) 

(q' 2 - n q n p~ n - q' 2 ~ n ) 

h ' 2[n) ~ l + A 2il (n)A li2 (n)' 

x / \ (q 2 ~ n q n p~ n -q^ n ) A , n 

for n > 0. 

Then we have 

AA 3 , 3 (n) = 
A 3 , 2 (n)(A 2)1 (n)A 3) i(-n) + A 3>2 (-ra)) = 

-jTgv - 9r n )(g 2 Vg- w - ?r n ) 

l + A 2) i(n)Ai )2 (n) 
Equivalently, we should have 

AA 3 , 3 (n) = 
A 3)2 (-n)(A 1)2 (n)A 3; i(n) + A 3>2 (ra)) = 
-{q' 2 ~ n q n p- n -q'f n ){q' 2 n p n q- n -q' 2 - n 
1 + A 2>1 (n)A lt2 (n) 

These two are equal. 
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Thus 



n\2 



1 + A 2)l (n)A 1)2 (n) 

1/n (l-p w )(l-p- B ) 
/l (l-g")V n 

pn _|_ p-n _ qn _ g-n 

q~ n (l-q n ) 2 
(p n - g~ n )(l -p~ n q n )' 

AA 3 , 3 (n) = 

- q n p- n )(p n q- n - 1)(1 - g 
(p n - -p~ n q n ) 

-(1 -q n ) 2 (p n q- n - 1) 

Let p = we see that 
Proposition 6.8. 

AA^s^/AAa^u;,*) = 

^-,(^) 2 ^(^ 2 )' 

Let 

Z(z)Z(iu) = L(2,w) : Z(z)Z(w) : . 



Theorem 6.9. 

l(z,w) _ e^M^re^M^ 

l(w,z) 9 q2 -^q^y9 q2 -^ 2 Y 1 ' 

In this case, we can show through calculation that the operator l(z) 
and the operator l{z) defined in Section 5 are the same in the sense 
of bosonization. Therefore we again derive the quantized W-algebra of 

51(2,1). 
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7. Discussions 

At this stage, what we actually have derived is only the the bosoniza- 
tion formula for the the quantized W-algebra of sl(2, 1). It is important 
that we can describe this algebra in an abstract way. Hopefully this 
problem can be solved when we check more carefully the commuta- 
tion relation of the operator l(z). On the other hand, from all above, 
it is clear that we can extend our construction to the case of several 
generic screening operator and several fermions or the case of only 
several fermions, which will give us the quantized W-algebras associ- 
ated with super-algebras sl(m,n). This will be given in subsequent 
paper. The classical W-algebra of sl(2, 1) can be derive from the two 
parafermions of affine Lie algebra st(2). Similarly we manage to es- 
tablish the connection of the quantized W-algebra of st(2, 1) with the 
quantized parafermions || M coming from affine quantum group alge- 
bra U q (sl(2)) ||16|| . We also notice, in some way, the correlation function 
bwtween screen operators and the vertex operator components of l(z) 
may be related to finite diemnsional representaions of the the corre- 
sponding affine quantum groups. The situation will become clear, once 
we start to look at operator like l(z) such that the correlation functions 
have multiple poles and zeros. 



Acknowledgments. We would like to thank M. Jimbo for useful 
discussions. 



References 

J. Ding, B. Feigin, Quantum current operators - II: Difference equations 
of quantum current operators and quantum parafermion construction Publ. 
RIMS, 33 (1997), 285-300 

E. Frenkel, B. Feigin, Quantum W-algebras and Elliptic Algebras Commun. 
Math. Phys. 178 (1996) 

E. Frenkel, N. Reshetikhin, Quantum affine algebras and deformations of the 
Virasoro and W-alqebras, Preprint |q-alg/9505025| . 



J. Shiraishi, Phys. Lett. A171 (1992) 243-248; H. Awata, S. Odake, J. Shi- 
raishi, Comm. Math. Phys. 162 (1994) 61-83. 

N. Jing Higher level representations of quantum algebra U q (sl(2)), Jour. Alg., 
187 (1996), 448-468 

A. H. Bougourzi, L. Vinet On a boson-parafermionic realization ofU q (sl(2)), 



CRM-2201, hep-th/9407062 



R.J. Baxter, Exactly Solved Models of Statistical Mechanics, Academic Press 
1982; 

B. Feigin, E. Frenkel, N. Reshetikhin, Comm. Math. Phys. 166 (1994) 27-62. 



30 



JINTAI DING AND BORIS FEIGIN 



[9] J. Shiraishi, H. Kubo, H. Awata, S. Odake, A quantum deformation of the 
Virasoro algebra and Macdonald symmetric functions, Preprint q/alg-9507034. 
[10] H. Awata, S. Odake, J. Shiraishi, Integral representations of the Macdonald 
symmetric functions, Preprint q-alg/9506006| . 



[11] A. Bilal, J.-L. Gervais, Nucl. Phys. 318 (1989) 579. 
[12] P. Bouwknegt, J. McCarthy, K. Pilch, Comm. Math. Phys. 131 (1990) 125-156. 
[13] R. Borcherds, Proc. Natl. Acad. Sci. USA, 83 (1986), 3068-3071. 
[14] I. Frenkel, J. Lepowsky, A. Meurman, Vertex Operator Algebras and the Mon- 
ster, Academic Press, New York 1988. 



[15] B. Fcigin, E. Frenkel, Integrals of motion and quantum groups, Preprint hep- 



th/9310022, to appear in Proceedings of the Summer School Integrable Systems 
and Quantum Groups, Montecatini Terme, Italy, June 1993, Lect. Notes in 
Math., Springer Verlag. 
[16] J. Ding, B. Feigin, in preparation. 

Jintai Ding, RIMS, Kyoto University 



Landau Institute for Theoretical Physics, Moscow; Russia and RIMS, 
Kyoto University 



